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ABSTRACT
The Parity symmetry of the Cosmic Microwave Background (CMB) pattern as seen
by WMAP 7 is tested jointly in temperature and polarization at large angular scale. A
Quadratic Maximum Likelihood (QML) estimator is applied to the WMAP 7 year low
resolution maps to compute all polarized CMB angular power spectra. The analysis is
supported by 10000 realistic Monte-Carlo realizations. We confirm the previously re-
ported Parity anomaly for TT in the range δℓ = [2, 22] at > 99.5% C.L.. No anomalies
have been detected in TT for a wider ℓ range (up to ℓmax = 40). No violations have
been found for EE, TE and BB which we test here for the first time. The cross-spectra
TB and EB are found to be consistent with zero. We also forecast Planck capabilities
in probing Parity violations on low resolution maps.
Key words: cosmic microwave background - cosmology: theory - methods: numerical
- methods: statistical - cosmology: observations
1 INTRODUCTION
The anisotropy pattern of the cosmic microwave background
(CMB), measured by the Wilkinson Microwave Anisotropy
Probe (WMAP), probes cosmology with unprecedented pre-
cision (see Larson et al. (2010); Komatsu et al. (2010) and
references therein). WMAP data are largely consistent with
the concordance Λ cold dark matter (ΛCDM) model, but
there are some interesting deviations from it, in particu-
lar on the largest angular scales (Copi et al. 2010). See also
(Bennett et al. 2010) for a critical point of view upon the
subject.
A large number of papers dealing with these anomalies
have been published in the last years. We list below those
that are the most studied: a) lack of power on large angular
scales. The angular correlation function is found to be un-
correlated (i.e., consistent with zero) for angles larger than
60◦. In (Copi et al. 2007, 2009), it was shown that this event
happens in only 0.03% of realizations of the concordance
model. b) Hemispherical asymmetries. It is found that the
power in temperature coming separately from the two hemi-
⋆ E-mail: gruppuso@iasfbo.inaf.it
spheres (defined by the ecliptic plane) is unlikely asymmet-
ric (Eriksen et al. 2004; Hansen, Banday and Gorski 2004).
It has been confirmed in the WMAP 3 year and 5 year re-
lease (Eriksen et al. 2007; Hansen et al. 2009; Hoftuft et al.
2009) and it is present in the COBE data as well, al-
though with lower significance. The temperature power spec-
tra of the opposing hemispheres are inconsistent at 3σ
to 4σ depending on the range of multipoles considered.
The asymmetry has been detected in low resolution maps
(Eriksen et al. 2004), both in angular and multipoles space,
but it extends to much smaller angular scales in the multi-
pole range δℓ = [2, 600] (Hansen et al. 2009). At large an-
gular scales the hemispherical asymmetry has been tested
for the first time in polarization maps in (Paci et al. 2010)
making clear that this anomaly is evident only in inten-
sity at WMAP sensitivity. c) Unlikely alignments of low
multipoles. An unlikely (for a statistically isotropic ran-
dom field) alignment of the quadrupole and the octupole is
found in (Tegmark, de Oliveira-Costa and Hamilton 2003;
Copi, Huterer and Starkman 2004; Schwarz et al. 2004;
Weeks 2004; Land and Magueijo 2005a). Both quadrupole
and octupole are shown to align with the CMB dipole
(Copi et al. 2007). Other unlikely alignments are described
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in (Abramo et al. 2006; Wiaux et al. 2006; Vielva et al.
2007; Gruppuso and Gorski 2010) and a test for detecting
foreground residuals in the alignement estimators is present
in (Gruppuso and Burigana 2009). d) Non-Gaussianity.
Vielva et al. (2004) detected a localized non-Gaussian be-
havior in the southern hemisphere (called Cold Spot) us-
ing a wavelet analysis technique (see also Cruz et al. (2005,
2009)). Large scales non-Gaussian analyses can be found in
(Bernui and Reboucas 2010; Bernui, Reboucas and Teixeira
2010). See also Pietrobon et al. (2009) where the needlet for-
malism has been applied to the WMAP 5 year data, look-
ing for evidence of non-Gaussianity in the bispectrum of
the needlet amplitudes. e) Parity asymmetry. It has been
suggested in (Land and Magueijo 2005b) that an estimator
built upon the point parity symmetry might be used as a
practical tool for detecting foregrounds. In particular these
authors consider whether the observed low CMB quadrupole
in temperature could more generally signal odd point-parity,
i.e. suppression of even multipoles. However they claim that
WMAP dataset never supports parity preference beyond
the meagre 95% confidence level. Later, Kim and Naselsky
(2010a) found that the Parity symmetry in the temperature
map of WMAP 3 and 5 year data is anomalous at the level
of 4 out of 1000 in the range δℓ = [2, 18]. This analysis have
been repeated in the WMAP 7 year data confirming the
anomaly at same level for a slightly wider range δℓ = [2, 22]
(Kim and Naselsky 2010b).
In this paper we address the issue of the parity asym-
metry estimating the angular power spectra (APS) of the
WMAP 7 year data at large angular scales by an opti-
mal and unbiased estimator such as the quadratic maxi-
mum likelihood (QML) estimator. The same estimator is
used to analyze 10000 simulated maps in which the noise
is extracted from the low resolution noise covariance ma-
trix of the WMAP 7 year data. This approach is novel since
the estimates of the Cℓ are made jointly in temperature and
polarization allowing for a global, more robust estimate of
all six CMB spectra. In particular, it allows to extend to
polarization an analysis that has been performed only for
temperature so far.
The used implementation of the QML is called BolPol
and it has been already adopted in (Gruppuso et al. 2009)
to compute the APS of the low resolution WMAP 5 year
data and in (Paci et al. 2010) where the hemispherical power
asymmetries have been studied for the same data set.
The paper is organized as follows. In Section 2 we de-
scribe the performed analysis, introducing the property of
symmetry we expect the CMB maps to have in Subsection
2.1, providing the algebra of QML estimator in Subsection
2.2, specifying the used data set and the performed simula-
tions in Subsection 2.3 and defining the suitable estimators
in Subsection 2.4. Results are given in Section 3 and fore-
casts for Planck are provided in Section 4. Conclusions are
drawn in Section 5.
2 DESCRIPTION OF THE ANALYSIS
2.1 Introduction
All-sky temperature maps, T (nˆ), are usually expanded in
terms of Spherical Harmonics Yℓm(nˆ), with nˆ being a direc-
tion in the sky, namely depending on the couple of angles
(θ, φ):
aT,ℓm =
∫
dΩY ⋆ℓm(nˆ)T (nˆ) , (1)
where aT,ℓm are the coefficients of the Spherical Harmonics
expansion and dΩ = dθdφ sin θ. Under reflection (or Parity)
symmetry (nˆ→ −nˆ), these coefficients behave as
aT,ℓm → (−1)
ℓ aT,ℓm . (2)
Analogously for polarizations maps, taking into ac-
count the usual combination of Stokes parameters (Q(nˆ) and
U(nˆ))
a±2,ℓm =
∫
dΩY ⋆±2,ℓm(nˆ) (Q(nˆ)± iU(nˆ)) , (3)
where Y±2,ℓm(nˆ) are the Spherical Harmonics of spin 2 and
a±2,ℓm are the corresponding coefficients, it is possible to
show that under Parity
aE,ℓm → (−1)
ℓ aE,ℓm, (4)
aB,ℓm → (−1)
ℓ+1 aB,ℓm , (5)
where
aE,ℓm = −(a2,ℓm + a−2,ℓm)/2 , (6)
aB,ℓm = −(a2,ℓm − a−2,ℓm)/2i . (7)
Eqs. (2), (4) and (5) show that the cross-correlations
CTBℓ = C
EB
ℓ = 0.
Further details can be found for example in (Zaldarriaga
1998), (Zaldarriaga and Seljak 1997) and explicit algebra is
present in Appendix A.
2.2 Angular Power Spectra Estimation
In order to evaluate the APS we adopt the QML estimator,
introduced in (Tegmark 1997) and extended to polarization
in (Tegmark and de Oliveira-Costa 2001). In this section we
describe the essence of such a method. Further details can
be found in (Gruppuso et al. 2009).
Given a map in temperature and polarization
x = (T,Q,U), the QML provides estimates CˆXℓ - with X
being one of TT,EE,TE,BB, TB,EB - of the APS as:
CˆXℓ =
∑
ℓ′ ,X′
(F−1)XX
′
ℓℓ′
[
x
t
E
ℓ′
X′x− tr(NE
ℓ′
X′)
]
, (8)
where the F ℓℓ
′
XX′ is the Fisher matrix, defined as
F ℓℓ
′
XX′ =
1
2
tr
[
C
−1 ∂C
∂CXℓ
C
−1 ∂C
∂CX
′
ℓ′
]
, (9)
and the EℓX matrix is given by
E
ℓ
X =
1
2
C
−1 ∂C
∂CXℓ
C
−1 , (10)
with C = S(CXℓ ) + N being the global covariance matrix
(signal plus noise contribution).
Although an initial assumption for a fiducial power
spectrum CXℓ is needed, the QML method provides unbi-
ased estimates of the power spectrum contained in the map
regardless of the initial guess,
〈CˆXℓ 〉 = C¯
X
ℓ , (11)
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where the average is taken over the ensemble of realizations
(or, in a practical test, over Monte Carlo realizations ex-
tracted from C¯Xℓ ). On the other hand, the covariance matrix
associated to the estimates,
〈∆CˆXℓ ∆Cˆ
X′
ℓ′ 〉 = (F
−1)XX
′
ℓℓ′ , (12)
does depend on the initial assumption for CXℓ : the closer the
guess to the true power spectrum is, the closer are the error
bars to minimum variance. According to the Cramer-Rao
inequality, which sets a limit to the accuracy of an estimator,
Eq. (12) tells us that the QML has the smallest error bars.
The QML is then an ‘optimal’ estimator.
2.3 Data set and Simulations
In this Section we describe the data set that we have con-
sidered. We use the temperature ILC map smoothed at 9.8
degrees and reconstructed at HealPix1 (Gorski et al. 2005)
resolution Nside = 16, the foreground cleaned low resolu-
tion maps and the noise covariance matrix in (Q,U) pub-
licly available at the LAMBDA website 2 for the frequency
channels Ka, Q and V as considered by Larson et al. (2010)
for the low ℓ analysis. These frequency channels have been
co-added as follows (Jarosik et al. 2007)
mtot = Ctot(C
−1
KamKa + C
−1
Q mQ +C
−1
V mV ) , (13)
where mi, Ci are the polarization maps and covariances (for
i=Ka, Q and V) and
C−1tot = C
−1
Ka + C
−1
Q + C
−1
V . (14)
This polarization data set has been extended to tempera-
ture considering the ILC map. We have added to the tem-
perature map a random noise realization with variance of
1µK2 as suggested in Dunkley et al. (2009). Consistently,
the noise covariance matrix for TT is taken to be diagonal
with variance equal to 1µK2.
We have also performed a Monte-Carlo simulations in
order to assess the significance of our results. A set of 10000
CMB + noise sky realizations has been generated: the signal
extracted from the WMAP 7 years best fit model, the noise
through a Cholesky decomposition of the noise covariance
matrix. We have then computed the APS for each of the
10000 simulations by means of BolPol and build two figures
of merit as explained in the next subsection.
Two masks are considered: one for T and one for Q
and U. Monopole and dipole have been subtracted from the
observed ILC map through the HealPix routine remove-
dipole (Gorski et al. 2005).
2.4 Estimators
We define the following quantities
CX+/− ≡
1
(ℓmax − 1)
+/−∑
ℓ=2,ℓmax
ℓ(ℓ+ 1)
2π
CˆXℓ (15)
1 http://healpix.jpl.nasa.gov/
2 http://lambda.gsfc.nasa.gov/
where CˆXℓ are the estimated APS obtained with BolPol for
the power spectrum X = TT, TE, EE and BB. The sum is
meant only over the even or odd ℓ (and this is represented
respectively by the symbol + or −) with ℓmax > 3.
Therefore, two estimators can be built from Eq. (15) as
follows: the ratio RX , as performed in (Kim and Naselsky
2010a) or (Kim and Naselsky 2010b),
RX = CX+ /C
X
− , (16)
and, in analogy to what performed for the hemispherical
symmetry in (Paci et al. 2010), the difference DX
DX = CX+ −C
X
− , (17)
of the two aforementioned quantities. In the following, we
drop the index X for R and D specifying every time we use
them which is the spectrum they refer to.
For our application to WMAP data, both estimators
have been considered for the TT spectrum but only the sec-
ond one for the other spectra (EE, TE and BB). This is due
the unfavorable signal-to-noise ratio of the WMAP data in
polarization.
For X = TB and EB we simply use the average power
CX ≡
1
(ℓmax − 1)
∑
ℓ=2,ℓmax
ℓ(ℓ+ 1)
2π
CˆXℓ . (18)
3 RESULTS
APS for TT, TE and EE are given in Fig. 1 and for BB,
TB and EB in Fig. 2. In these Figures we display both the
BolPol estimates of the WMAP 7 year maps (black sym-
bols) and the Monte-Carlo realizations from ℓ = 2 to 32
(blue symbols). For TT and TE we display also the spectra
provided by the WMAP team (red symbols) 3.
In Fig. 3 we show the estimator R and D for TT aver-
aged in 2 6 ℓ 6 22 and in 2 6 ℓ 6 33. The probability to
obtain a smaller value than the WMAP one is 0.47% for R
in the range δℓ = [2, 22] and 3.17% in the range δℓ = [2, 33].
For the D estimator the probability is 0.63% in the range
δℓ = [2, 22] and 3.17% in the range δℓ = [2, 33]. The up-
per left panel of Fig. 3 recovers the same level of anomaly
claimed in Kim and Naselsky (2010b).
In Fig. 4 we plot the percentage related to the WMAP 7
year Parity anomaly for TT versus ℓmax in the range 10−40
for the two considered estimators. As evident there is not a
single ℓmax for which the TT anomaly shows up, but rather
a characteristic scale, see also Kim and Naselsky (2010b).
For the estimator of Eq. (16) the percentage anomaly is
well below 1% for almost any choices of ℓmax in the range
[15, 25] 4. As also shown in Fig. 4 the estimator of Eq. (17)
follows closely the other estimator although it is slightly less
3 Only these spectra are available on
http://lambda.gsfc.nasa.gov/. Note that the WMAP TT
estimates are obtained through a Maximum Likelihood code
applied to the ILC map, whereas the WMAP TE estimates are
obtained through a pseudo-Cℓ method where the foreground
cleaned V band is considered for Temperature and foreground
cleaned Q and V bands are taken into account for Polarization.
4 Only for ℓmax = 21 the estimator of Eq. (16) exhibits a per-
centage which is of the order of 1%.
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Figure 1. Estimates of TT (upper panel), EE (middle panel) and TE (lower panel) APS. Dotted lines stand for the Fiducial Power
Spectrum, taken to be the best fit of the WMAP 7 year data. Blue lines with blue error bars represent the average and the standard
deviation of a Monte Carlo made of 10000 sky realizations in which the full noise covariance is taken into account. Each realization
has been analyzed with the BolPol code. Red symbols are for the WMAP 7 year estimates as provided at the following web site
http://lambda.gsfc.nasa.gov/. Note that the WMAP TT estimates are obtained through a Maximum Likelihood code applied to the ILC
map, whereas the WMAP TE estimates are obtained through a pseudo-Cℓ method where the foreground cleaned V band is considered for
Temperature and foreground cleaned Q and V bands are taken into account for Polarization. Black symbols are for the BolPol WMAP
7 year estimates where the black error bars are given through the Fisher matrix. Adopted resolution: Nside = 16.
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Figure 3. TT. Counts (y-axis) vs the estimator (x-axis). Upper
histograms: Ratio for the range δℓ = [2, 22] (left panel) and for
the range δℓ = [2, 33] (right panel). Lower histograms: Difference
for the range δℓ = [2, 22] (left panel) and for the range δℓ = [2, 33]
(right panel). Units for the estimator D are µK2. The vertical line
stands for the WMAP 7 year value.
sensitive. Therefore, we find a whole multipole range, rather
than a single ℓmax value, where theWMAP 7 parity anomaly
holds. This dims significantly the case for posterior biasing.
In Table 1 we provide the results for EE, TE and BB.
10 15 20 25 30 35 40
0
1
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6
Figure 4. TT. Percentage of the WMAP 7 year value (y-axis) vs
ℓmax (x-axis). Blue line is for the ratio and the red line for the dif-
ference. This analysis shows that there is no single ℓmax for which
the TT anomaly shows up, but rather suggests the existence of a
characteristic scale, see also Kim and Naselsky (2010b).
As mentioned above, only D is considered and computed for
the four following multipoles range δℓ = [2, 4], [2, 8], [2, 16]
and [2, 22]. No anomalies have been found and compatibility
with Parity symmetry is obtained.
In Table 2 we provide the results for EB and TB where
the estimator C is considered and computed for the same
c© 2010 RAS, MNRAS 000, 1–??
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Figure 2. Estimates of BB (upper panel), TB (middle panel) and EB (lower panel) angular power spectrum. Conventions as in Figure
1.
Table 1. Probabilities (in percentage) to obtain a smaller value
than the WMAP 7 year one
D δℓ = [2,4] δℓ = [2,8] δℓ = [2,16] δℓ = [2,22]
EE 93.09 76.21 44.27 46.61
TE 56.35 38.88 24.79 22.77
BB 7.97 13.42 11.70 44.31
Table 2. Probabilities (in percentage) to obtain a smaller value
than the WMAP 7 year one
C δℓ = [2,4] δℓ = [2,8] δℓ = [2,16] δℓ = [2,22]
TB 51.78 39.42 6.71 10.55
EB 62.73 69.83 55.35 97.70
aforementioned four multipoles range. Both the spectra are
well consistent with zero. Only the EB spectrum shows a
mild anomaly in the range δℓ = [2, 22] at the level of 97.7%.
This is due to five estimates from ℓ = 18 to ℓ = 22 that
are systematically larger than zero. When these points are
excluded this mild anomaly drops. For example in the range
δℓ = [2, 16] the probability to obtain a smaller value than
the WMAP one is 55.35%. The latter two estimators are
shown in Fig. 5.
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Figure 5. EB. Counts (y-axis) vs the estimator C (x-axis). Dis-
tribution of C for δℓ = [2, 22] (left panel) and δℓ = [2, 16] (right
panel). Units are µK2. The vertical line stands for the WMAP 7
year data.
3.1 Ka channel results
We have considered those WMAP products that are already
foreground reduced (see subsection 2.3). However in order
to test the case of a significant foreground contamination
we have restricted our analysis to the Ka band since such
a channel is expected to be more polluted by synchrotron
and free-free emission than the others. Despite the lower
signal-to-noise ratio our analysis for the Ka channel is fully
consistent with that of the entire dataset: no anomaly is de-
tected in polarization, while in temperature we do confirm
its existence at the same level. These results, in our view,
restrict (but of course not fully exclude) the chance for a
significant foreground contamination. The lower signal-to-
noise ratio shows up in an increase of the standard devia-
tions associated to the probability distribution functions of
the estimators. For example for the Ka band data set the
standard deviation associated to the estimator D of EE in
the ℓ range [2, 22] grows 3.7 times with respect to the one
obtained with the entire data set.
c© 2010 RAS, MNRAS 000, 1–??
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Table 3. Standard deviation for the D estimator computed in
the range δℓ = [2, 22]. Units are µK2.
σD WMAP 7 year Planck
TT 1517.17 1509.21
TE 20.19 9.08
EE 0.65 0.10
BB 0.69 0.04
Table 4. Standard deviation for the C estimator computed in
the range δℓ = [2, 22]. Units are µK2.
σC WMAP 7 year Planck
TB 0.95 0.19
EB 0.023 0.001
4 PLANCK FORECAST
In this Section we take into account the white noise
level for 143 GHz channel of the Planck mission
(Planck Collaboration 2005) launched into space on the 14th
of May of 2009. As in Paci et al. (2010), we consider the
nominal sensitivity of the Planck 143 GHz channel, taken as
representative of the results which can be obtained after the
foreground cleaning from various frequency channels. The
143 GHz channel has an angular resolution of 7.1′ (FWHM)
and an average sensitivity of 6µK (11.4µK) per pixel - a
square whose side is the FWHM size of the beam - in tem-
perature (polarization), after 2 full sky surveys. We assume
uniform uncorrelated instrumental noise and we build the
corresponding diagonal covariance matrix for temperature
and polarization, from which, through Cholesky decompo-
sition we are able to extract noise realizations. For this low
noise level we apply the same procedure adopted for the
Monte-Carlo simulations in Subsection 2.3. Thus, from the
set of 10000 CMB + noise sky realizations, we find that:
• The T based estimators (both R and D) do not change
much since at large scale the APS for T is dominated by
cosmic variance and not by the noise.
• For EE, TE and BB it is possible to consider even the
R estimator. See for example Fig. 6 where the R estimator
is computed for EE in the range δℓ = [2, 22] (left panel) and
δℓ = [2, 16] (right panel).
• The standard deviations for the D and C are evaluated
in Table 3 and 4 for δℓ = [2, 22] and compared to the WMAP
7 year ones.
5 DISCUSSIONS AND CONCLUSIONS
The Parity symmetry of the CMB pattern as seen byWMAP
7 year is tested jointly in temperature and polarization at
large angular scale. We confirm the previously reported Par-
ity anomaly for TT in the range δℓ = [2, 22] at > 99.5%
C.L. (Kim and Naselsky 2010b). Our resolution allows to
extend the angular range up to ℓ = 40 (see Fig. 4) find-
ing a decrease of the anomaly for such a wider interval of
multipoles. No violations have been found for EE, TE and
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100
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500
Figure 6. EE. Counts (y-axis) vs the estimator R (x-axis). Dis-
tribution of R for δℓ = [2, 22] (left panel) and δℓ = [2, 16] (right
panel).
BB which are tested here for the first time with a method
analogous to the one employed for TT. The cross-spectra
TB and EB are found to be well consistent with zero. The
analysis has been performed through a Monte-Carlo made
of 10000 sky maps in which the CMB maps are extracted
from the WMAP 7 year fiducial model and the noise maps
are obtained by Cholesky decomposition of WMAP 7 year
noise covariance matrix for Ka, Q, V channels after fore-
ground cleaning. WMAP 7 year maps and each of Monte-
Carlo simulations have been analyzed with BolPol that is
our F90 implementation of the QML method. As a byprod-
uct the full APS of WMAP 7 year data is provided at large
angular scale, see Figs. 1 and 2.
We have also forecasted Planck capabilities in prob-
ing Parity violations. Considering 10000 Monte-Carlo simu-
lations we have evaluated the improvement with respect to
WMAP 7 year sensitivity. These are shown in Table 3 and
4.
It is still unknown whether this anomaly 5 comes from
fundamental physics or whether they are the residual of
some unperfectly removed astrophysical foreground or sys-
tematic effect. As shown in Section 4, Planck data will al-
low one to build more precise estimators thanks to the high
sensitivity of its instruments and the wide frequency cover-
age. Moreover Planck is observing the sky with a totally
different scanning strategy with respect to WMAP, which is
a benefit from the point of view of systematic effects anal-
ysis. Thus Planck data are awaited with great interest in
order to confirm or discard these anomalies, making real the
possibility to have more stringent constraints on the ΛCDM
model.
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APPENDIX A: PARITY SYMMETRY
In this appendix we explicitly show the Eqs. (2), (4) and
(5).
A1 Temperature
In analogy to the definition given in Eq. (1) we write
a
(P )
T,ℓm =
∫
dΩ Y ⋆ℓm(nˆ)T
(P )(nˆ) , (A1)
where T (P )(nˆ) = P [T (nˆ)] with P being the parity operator.
By definition P [T (nˆ)] = T (−nˆ), i.e. under reflection sym-
metry nˆ→ −nˆ 6 that in polar coordinates is equivalent to
θ → π − θ , (A2)
φ → φ+ π . (A3)
Hence Eq. (A1) can be rewritten as
a
(P )
T,ℓm =
∫
dΩ Y ⋆ℓm(−nˆ)T (nˆ) , (A4)
where the integration variables have been changed following
Eqs. (A2),(A3) in order to absorb the minus in the argument
of T 7. The Spherical Harmonics Yℓm are related to Legendre
functions Pmℓ as
Yℓm(θ, φ) =
√
2 ℓ+ 1
4π
(ℓ−m)!
(ℓ+m)!
Pmℓ (cos θ) e
imφ , (A5)
therefore
Yℓm(π − θ, φ+ π) = (−1)
m(−1)ℓ+mYℓm(θ, φ) , (A6)
where it has been used that
Pmℓ (cos(π − θ)) = (−1)
(ℓ+m)Pmℓ (cos(θ)) . (A7)
Replacing Eq. (A6) in Eq. (A4) gives
a
(P )
T,ℓm = (−1)
ℓ
∫
dΩY ⋆ℓm(nˆ)T (nˆ) = (−1)
ℓ aT,ℓm , (A8)
that shows Eq. (2).
A2 Polarization
Let start considering the E mode. By definition
a
(P )
E,ℓm = −
1
2
(
a
(P )
2,ℓm + a
(P )
−2,ℓm
)
, (A9)
where
a
(P )
±2,ℓm =
∫
dΩY ⋆±2,ℓm(nˆ) [Q± iU ]
(P )(nˆ) . (A10)
Since Q ± iU is isomorphic to a bi-dimensional vector (see
footnote 4) than
[Q± iU ](P )(nˆ) = Q(P )(nˆ)∓ iU (P )(nˆ) (A11)
= Q(−nˆ)∓ iU(−nˆ) . (A12)
6 This holds in 3 dimensions. Note that a Parity transformation
in two dimensions is (x, y) → (x,−y) or (x, y) → (−x, y). In
other words the transformation (x, y)→ (−x,−y) is not a parity
transformation since is equivalent to a rotation.
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∫
dΩ is invariant under Parity transformation. This is trivial
to show in cartesian coordinates.
Replacing Eqs. (A12) and (A10) in Eq. (A9) we find
a
(P )
E,ℓm = −
∫
dΩ
[
X⋆1,ℓm(−nˆ)Q(nˆ)−X
⋆
2,ℓm(−nˆ)iU(nˆ)
]
(A13)
where we have changed the integration variables considering
Eqs. (A2),(A3) and where we have used the conventions of
(Zaldarriaga 1998) defining X1/2,ℓm as
X1,ℓm(θ, φ) = −
1
2
(Y2,ℓm(θ, φ) + Y−2,ℓm(θ, φ)) , (A14)
X2,ℓm(θ, φ) = −
1
2
(Y2,ℓm(θ, φ)− Y−2,ℓm(θ, φ)) . (A15)
Since in (Zaldarriaga 1998) X1/2,ℓm are expressed in terms
of Legendre polyniomials it is easy to show that
X1,ℓm(π − θ, φ+ π) = (−1)
ℓX1,ℓm(θ, φ) , (A16)
and
X2,ℓm(π − θ, φ+ π) = (−1)
ℓ+1X2,ℓm(θ, φ) . (A17)
Replacing Eqs. (A16),(A17) back into Eq. (A13) and using
again Eqs. (A14),(A15) we find Eq. (4)
a
(P )
E,ℓm = (−1)
ℓaE,ℓm . (A18)
Repeating the same steps but starting from
a
(P )
B,ℓm = −
1
2i
(
a
(P )
2,ℓm − a
(P )
−2,ℓm
)
, (A19)
one finds Eq. (5), i.e.
a
(P )
B,ℓm = (−1)
ℓ+1aB,ℓm . (A20)
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